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Introduction
) should be Jensen for all and all ∈ V , = , is equivalent to + 2 = 1 2
where m = {1 2 } and where, given ∈ V = V 1 × V 2 × · · · × V , the vector S ∈ V is defined by ( S ) = when ∈ S and by ( S ) = 0 ∈ V for / ∈ S.
Stability questions for functional equations in several variables but also in a single variable have been dealt with for a rather long time. A very good reference is [5] , a more recent one is [7] .
. Using this Jensen operator the property of to be multi-Jensen may be expressed as J = 0. In [9] the following stability result for multi-Jensen functions was proved. The next section contains a result concerning the condition J ( ) ≤ ( ) for a more general . In Section 3 the stability of multi-Jensen functions will be discussed, where the multi-Jensen property is expressed in terms of the Jensen property of partial functions. Finally, using methods from [6] , a characterization of completeness of normed spaces is given in terms of stability of multi-Jensen functions.
A stability result for multi-Jensen functions
The following theorem holds true. Theorem 2.1.
V be rational vector spaces, W be a Banach space and put
where |U| denotes the cardinality of the set U. Moreover, if :
Proof. Given ∈ N let (as in the "ε"-case in [9] ) : V → W be defined by
Then (see [9, proof of Lemma 2.1]) it follows from (4) that
which applying (3) leads to lim
The next step is to show that the sequence ( ( )) converges for all . Since W is complete, it is enough to show that this sequence is Cauchy. Fixing ∈ N and using some results from [9] (which hold true also in the case V instead of the special case V considered there) we see that
where the constants
for + 1 ≤ ≤ + . The first sum (U m) obviously tends to zero when tends to ∞. The norm of the second sum has the following bounds:
This shows that also the second sum tends to zero when tends to ∞. Altogether this means that the sequence ( ( )) is Cauchy and thus convergent. Therefore it is possible to define a function : V → W by ( ) = lim →∞ ( ). It is is multi-Jensen since J ( ) = lim →∞ J ( ) = 0 by (7).
Using [9, (8) 
Since |S| ≥ 1 it remains to show that lim 
Partially Jensen functions and stability
Let V W be abelian groups and V be uniquely divisible by 2. Rewriting (1) as
it is well known (see for example [1] ) that the general solution to (1') is (also) of the form = + , : V → W is additive and ∈ W .
Defining : V → W to be multi-Jensen if all partial mappings → (
) are Jensen in the sense of (1'), it was shown in [3] that the general multi-Jensen function has the same structure as described in [8] for the case of rational vector spaces V and W . The paper [3] also contains a stability result for multi-Jensen functions defined in this way. (The case = 2 of this result was proved earlier in [2] .) To avoid technical details which are of no importance for the result to be presented here, precise conditions for the functions : V +1 → [0 ∞ [ and the derived functions˜ and in the following theorem from [3] are dropped.
Let V be an abelian group uniquely divisible by 2, W be a Banach space and 1 2 :
for all ( 
This seems not to be a stability result in the usual sense since no bounds for − F are given but rather for − ( + F ) where also depends on and is not a solution to any related functional equation.
A simple application of the following theorem will allow to settle this issue.
Theorem 3.1.
Let V be as above, W be a normed space, not necessarily complete, 
Proof. Using notations from the introduction, (9) may be rewritten as Proof. Let ( ) ∈N be a Cauchy sequence in W . Since a Cauchy sequence possessing a convergent subsequence is convergent itself, it may be assumed that + − ≤ 2 − ε for all ∈ N (compare [6] ). Then 
A completeness result
( + ) + − − ≤ + − + + − ≤ (2 − + 2 − ) ε ≤ ε since ≤ 2
